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Condensation of water vapor on active cloud condensation nuclei produces micron-size water droplets. To form rain, they must grow rapidly into at least 50-100 µm droplets.
Observations show that this process takes only 15-20 minutes. The unexplained physical mechanism of such fast growth, is crucial for understanding and modeling of rain, and known as "condensation-coalescence bottleneck in rain formation". We show that the recently discovered phenomenon of the tangling clustering instability of small droplets in temperature-stratified turbulence (Phys. Fluids 25, 085104, 2013) results in the formation of droplet clusters with drastically increased droplet number densities. The mechanism of tangling clustering instability is much more effective than the previously considered pure inertial clustering caused by the centrifugal effect of turbulent vortices. This is the reason of strong enhancement of the collisioncoalescence rate inside the clusters. Our analysis of the droplet growth explains the 
I. INTRODUCTION
When ascending parcel of moist air reaches the condensation level, the initial mist of small, micron-size water droplets is formed, which are suspended in the air. In the supersaturated environment water droplets grow due to condensation of water vapor from the surrounding atmosphere. However, to form the raindrops, which can fall down triggering rain, they must grow up to about 50 µm size droplets, which would take a very long time.
Observations indicate that the average time for rainfall initiation is approximately 15 − 20 minutes, while existing theories predict that the duration of a time interval, required for droplets to grow up to 50 µm in radius, is of the order of hours (see, e.g., reviews 1-3, and references therein). Indeed, though the actual time of large droplets formation depends on the initial droplet size spectrum and cloud water content (see, e.g., Ref. 4) , the predicted growth time differs considerably from the observations. Initiation of rain in turbulent clouds comprises three stages. The first stage involves condensation of water vapor on cloud condensation nuclei (CCN, typically having a size of the order of 0.05 µm) and formation of small micron size droplets. At the next stage, droplets grow efficiently through condensation and diffusion of water vapor and may attain radii of about 10 µm. It is generally believed that droplets having radii larger than 50 µm fall out of the cloud due to gravitational sedimentation and continue to grow in size mainly through gravitational collisions into rain droplets with the size of the order of 80 − 100 µm.
Understanding a mechanism of rapid growth of initially small droplets to the size of the order of 50 µm when gravitational collision-coalescence becomes effective is still poorly understood and remains a subject of active research (see Refs. [1] [2] [3] . Identifying mechanisms of rapid growth of cloud droplets and determining the growth rate, i.e. theoretical explanation of the so-called "size gap or the condensation-coalescence bottleneck in warm rain formation" Numerous theoretical, numerical and experimental studies used different approaches and models to investigate the effects of atmospheric turbulence on growth of cloud droplets by collision-coalescence and formation of rain droplets (see Refs. 1-3, and references therein).
Most of the studies have focused on amplification of the fall velocity of cloud droplets in turbulent atmosphere and turbulence induced increase of the droplet collision kernel.
Air turbulence can enhance droplet coalescence rate by increasing the relative velocity of droplets due to differential acceleration and enhance collision kernel of cloud droplets. For example, when the dissipation rate of turbulence is increased from 100 to 400 cm 2 s −3 , the droplet coalescence rate (between droplets with the sizes 18 µm and 20 µm) increases by a factor of 3. In this paper we explain the fast growth of cloud droplets by collision-coalescence taking into account recently discovered phenomenon of tangling clustering instability of small water droplets in turbulent temperature stratified atmosphere (see Ref. 29) . We assume that water droplets coalesce after collisions. However, the ambient mean number density of the droplets is too low, so that their collision-coalescence time is very large. The situation dramatically changes in the presence of tangling clustering instability which results in the formation of clusters with the mean number density of the droplets inside the clusters that by several orders of magnitude exceeds the ambient mean number density of the droplets. In the present study we invoke recently discovered phenomenon of tangling clustering instability of droplets in temperature stratified turbulence which causes formation of clusters with the droplet number density inside the clusters by several orders of magnitude larger than the ambient droplet number density (see Ref. 29) . The size of the formed clusters is of the order of the Kolmogorov micro-scale length. For the sake of simplicity in this section we assume that vapor condensation produces small droplets of the same size, which then grow due to the collision-induced coalescence. The droplet size distribution is taken into account in the next section.
A. Governing equations
The theory of the tangling clustering instability in the temperature-stratified turbulence has been developed in Ref. 29 . In this section we summarize these theoretical results and explain why the clustering instability is essentially enhanced in the turbulence with largescale temperature gradient. Equation for the instantaneous number density n(t, r) of small spherical droplets in a turbulent flow reads:
where 
where N = n is the mean droplet number density and the droplet velocity v is determined by the equation of motion:
Here u(t, x) is the fluid velocity, g is the gravity acceleration,
is the droplet mass, and ρ m ≫ ρ is the droplet mass density. 
This equation implies that ∇· v = 0, i.e., the droplet velocity field is compressible,
In derivation of Eq. (5) we used the Navier-Stokes equation for the fluid. The mechanism of the clustering instability is associated with the droplet inertia. The centrifugal forces cause the droplets inside the turbulent eddies drift out to the boundary between the eddies, i.e., to the regions with the maximum fluid pressure fluctuations. Indeed, for a large Peclet number, when the molecular diffusion of droplets in Eq. (1) can be neglected, we can estimate Fluctuations of the droplet number density are described by the two-point second-order 
where
The 
, we obtain
where τ is the turbulent time. In k-space the correlation function
Taking into account that the correlation function of
2 , and integrating in k-space we obtain:
where c s is the sound speed,Ẽ θ (k) = (2/3) k
is the spectrum function of the temperature fluctuations for
To determine θ 2 = 2E θ we used the budget equation for the temperature fluctuations:
, that for homogeneous turbulence in a steady state yields: Therefore, in general case that includes both, the tangling clustering instability and the inertial clustering instability, the function B(R) can be written in the following form (see
Ref. 29):
Here L T = T /|∇T | is the characteristic scale of the mean temperature variations and we took into account that for a Gaussian velocity field: (∇·v) 2 = (80/3τ Equation (13) shows that the tangling clustering instability can be much more effective than the inertial clustering instability which is excited in a non-stratified turbulence (see 
C. Growth rate of the instability
To illustrate the tangling clustering instability we use the standard dependence of the droplet evaporation time on their diameter and the relative humidity [see Eq. (18) below]. Another effect that inhibits the growth of the droplet number density inside the cluster is related to a strong momentum coupling of particles and turbulent air flow when the mass loading parameter m dr n max /ρ ≈ 0.5. It can be shown (see Ref. 29 ) that the maximum increase of particle number density inside the cluster, n max /N, caused by the first effect is: Note that at the initial stage of the tangling clustering instability, the increase of the droplet number density in the cluster for small droplets d < 1 µm is not as effective as for larger droplets. It must be also noted that in this study we consider only droplet clustering, but not aerosol dynamics. Clearly, the clustering of aerosols is similar to that of droplets for humidity of 100 %, i.e. without evaporation.
The experimental study of the particle clustering in a temperature stratified turbulence have been reported in Ref. 31 . The experimental parameters were: the r.m.s. velocity u 0 = 12 cm/s, the integral (maximum) scale of turbulence ℓ 0 = 3.2 cm, the Reynolds . These experiments demonstrated that the two-point correlation function of the particle number density fluctuations for the tangling clustering in temperature stratified turbulence is by one order of magnitude larger than that for the inertial clustering in isothermal turbulence. Measured correlation functions of the particle number density fluctuations in temperature stratified turbulence were found in a good agreement with that predicted by the theory.
III. COLLISION KERNEL AND DROPLET COAGULATION
In this Section we consider droplet coagulation and apply the theory of the tangling clus- 
is the droplet size distribution, n = ñ(x) dx is number density of droplets, and K(d, x) is the coagulation kernel that describes coagulation rate of droplets of the diameter d and droplets of the diameter x. In the present study we use the coagulation kernel K(d, x) as a sum of the Brownian coagulation kernel (see Table 13 
we obtain the following equation for the mean droplet size distributionÑ(d):
Notably, the collision termÑ 
where the droplet diameter is measured in microns and time is given in seconds. The calculated evaporation times versus droplet radius for relative humidity φ = 99% and φ = 99.99% together with the effective collision-coalescence time within the cluster are shown in Fig. 4 . To determine the effective collision-coalescence time we have assumed that a total cloud water content of mean droplets mass density is aboutρ dr = 1.5 g/m 3 , which corresponds to the typical mean number density of 10 µm droplets, N ≈ 2 cm −3 , while for 2 µm droplets it is about N ≈ 2 × 10 2 cm −3 .
In the absence of tangling clustering instability, for the ambient number density of the micron size droplets having the mean number density N ≈ 10 2 cm −3 , the collision-coalescence time is of the order of τ The situation drastically changes in the presence of the tangling clustering instability.
In this case the droplet collision time inside the clusters, which are formed due to the tangling clustering instability, decreases by the large factor, [n max /N] 2 ∼ 10 5 . Indeed, the number density of droplets inside the cluster sharply increases and their effective collision time dramatically decreases:
Using the numerical values of the coagulation kernel showed in Fig. 3 we can estimate the 
IV. CONCLUSIONS
New effect of the tangling clustering instability of small droplets in turbulent temperature stratified atmosphere results in the formation of clusters with drastically increased droplet number density and, correspondingly, sharply increased rate of their collision-coalescence.
Without the tangling clustering instability, the droplets collision-coalescence time is much larger than the characteristic time of the droplet evaporation. Consequently, in the absence of tangling clustering instability droplets do not grow due to collision-coalescence, and rain In summary, we can conclude that the effect of the tangling clustering instability provides a convincing explanation of the observed fast growth of cloud droplets.
